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SU(4) based classification of four-level systems and their semiclassical solution
Surajit Sen∗ and Helal Ahmed
Physics Department, Guru Charan College, Silchar 788004, India
We present a systematic method to classify the four-level system using SU(4) symmetry as the
basis group. It is shown that this symmetry allows three dipole transitions which eventually leads
to six possible configurations of the four-level system. Using a dressed atom approach, the semi-
classical version of each configuration is exactly solved under rotating wave approximation and the
symmetry of the Rabi oscillation among various models is studied and its implication is discussed.
I. INTRODUCTION
Last year we observe the centenary of the epoch-
making discovery of the ‘atomic orbit’ postulated by Bohr
which is the central idea to understand the origin of the
atomic spectra1,2. These orbits are indeed stationary en-
ergy levels with well-defined quantum numbers and plays
fundamental role in the development of modern quantum
physics. In recent years, advent of laser technology and
high-Q cavity leads to the experimental realization of so
called Rydberg atom where the energy levels with longer
lifetime and large dipole moment can be prepared. Be-
cause of the large value of the dipole moment, the allowed
dipole transition between the levels can be maneuvered in
a selective and controlled manner. The system with two
well-defined levels interacting with the quantized cavity
field is known as Jaynes-Cummings model which is ex-
actly solvable under the rotating wave approximation3.
The pretext of this fully quantized version of two-level
system was, however, set by the semiclassical two-level
system originally proposed to formulate the theoretical
basis of the nuclear magnetic resonance4,5. In the semi-
classical two-level system the interacting oscillatory elec-
tromagnetic field is treated classically while the atom is
treated quantum mechanically. An immediate extension
of the two-level system is the three-level system which
is associated with a rich class of coherent phenomena,
namely, two photon coherence, double resonance process,
three-level super-radiance, resonance Raman scattering,
population trapping, tri-level echoes, STIRAP, quantum
jump, quantum zeno effect, electromagnetically induced
transparency (EIT), etc6,7. It is therefore worth inves-
tigating the four-level system which may be associated
more phenomena of light-matter interaction uncharted so
far. Apart from that, there is another reason of study-
ing such model. In recent times, the manipulation and
control of quantum mechanical systems using multiple
electromagnetic fields is an area of intense research in
the parlance of quantized control theory . Thus devel-
oping a systematic and rigorous theory of a semiclassical
and quantized four-level system may provide some new
insights into the area of atomic, molecular and optical
physics.
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Although the four-level system is instrumental in un-
derstanding the population inversion scenario by the op-
tical pumping method, its use in context with quan-
tum optical models is, however, not very large. Some
studies along this direction includes the four-level EIT
effect8–10, dynamics of the pulse propagation through
coherently prepared four-level system11, modeling the
qubit-induced micro-switching12, Rabi oscillation in cas-
cade four-level system13 etc. All these studies deal with
the model Hamiltonians which are proposed phenomeno-
logically and therefore lacks proper understanding of the
selection rules of allowed transition among various levels.
In a recent investigation we have shown that the three-
level system can be successfully classified using SU(3)
as the basis group14,15. It is therefore interesting to
look for the straight forward but non-trivial extension
of the treatment to study the four-level system where
the SU(4) group plays key role to identify the possible
allowed dipole transitions. In particular we show that the
appropriate choice of SU(4) basis leads to a systematic
classification of the four-level systems.
The primary objective of the paper is to discuss the
possible classification of the four-level system using the
SU(4) group as the basis group and then to look for the
semi-classical solution of the model Hamiltonians under
rotating wave approximation. To achieve this goal, the
remaining Sections of the paper are organized as follows;
in Section-II we discuss the essential properties of SU(4)
group necessary to formulate the model Hamiltonians
of all possible four-level configurations. In Section-III,
we develop the methodology to solve these models using
Bose-Pascos matrix, a generalized six-parameter Euler
matrix in four dimension16. The numerical studies are
presented in Section IV to compare the Rabi oscillation
of all semiclassical models. In the concluding Section we
summarize the main results of the paper and discuss the
outlook.
II. FOUR-LEVEL SYSTEM AND SU(4) GROUP
The generic Hamiltonian of an arbitrary four-level sys-
tem which allows all possible transitions is represented by
2the hermitian matrix,
H =


∆44 h43 h42 h41
h43 ∆33 h32 h31
h42 h32 ∆22 h21
h41 h31 h21 ∆11

 , (1)
where hij (i, j = 1, 2, 3, 4) be the matrix element and ∆ij
is the detuning of the applied trichromatic field which
vanishes at resonance. Of these four levels, two levels are
involved in each transition and we have 4!(4−2)!2! = 6 pos-
sible configurations of the four-levels system with three
possible dipole transitions shown in Fig.1-6. For Model-
I we note that the non-vanishing terms h41 6= 0, h32 6=
0, h21 6= 0 in Eq. (1) which correspond to the allowed
dipole transitions 4 ↔ 1, 3 ↔ 2 and 2 ↔ 1, respectively,
while the remaining three transitions are forbidden. Pro-
ceeding in the similar way all six possible Hamiltonians
of the four-level system can be built up and Table-I illus-
trates the requirement of their construction:
TABLE I.
Model Forbidden transition Allowed transition
I h43 = 0, h42 = 0, h31 = 0 h41 6= 0, h32 6= 0, h21 6= 0
II h41 = 0, h42 = 0, h32 = 0 h43 6= 0, h31 6= 0, h21 6= 0
III h42 = 0, h41 = 0, h31 = 0 h43 6= 0, h32 6= 0, h21 6= 0
IV h42 = 0, h32 = 0, h31 = 0 h43 6= 0, h41 6= 0, h21 6= 0
V h41 = 0, h32 = 0, h31 = 0 h43 6= 0, h42 6= 0, h21 6= 0
VI h31 = 0, h42 = 0, h21 = 0 h43 6= 0, h41 6= 0, h32 6= 0
In order to construct the Hamiltonians quantitatively
using SU(4) as the basis group, we shall briefly recall its
properties 17.
The SU(4) group is described by fifteen λi (i =
1, 2, ...15) matrices, which follow the following commu-
tation, anti-commutation and normalization relations,
[λi, λj ] = 2ifijkλk, {λi, λj} = δijI + 2dijkλk,(2a)
Tr[λi] = 0, T r[λiλj ] = 2δijk, (2b)
respectively. Here, dijk and fijk (i, j, k = 1, 2, ..15)
are the completely symmetric and completely anti-
symmetric structure functions which characterize the
SU(4) group are defined as,
fijk =
1
4i
T r([λiλj ]λk), (3a)
dijk =
1
4
Tr({λiλj}λk). (3b)
It is customary to define the SU(4) shift operators as the
linear combination of the λi matrices,
T± =
1
2
(λ1 ± iλ2), U± = 1
2
(λ6 ± iλ7), V± = 1
2
(λ4 ± iλ5), (4a)
W± =
1
2
(λ9 ± iλ10), X± = 1
2
(λ11 ± iλ12), Z± = 1
2
(λ13 ± iλ15), (4b)
T3 = λ3, U3 =
1
2
(
√
3λ8 − λ3), V3 = 1
2
(
√
3λ8 + λ3), (4c)
X3 = −1
2
λ3 +
1
2
√
3
λ8 +
√
2
3
λ15, W3 =
1
2
λ3 +
1
2
√
3
λ8 +
√
2
3
λ15, (4d)
Z3 = − 1√
3
λ8 +
√
2
3
λ15, (4e)
which follow the closed algebra of SU(4) group 13? . Hav-
ing defining the SU(4) shift vectors, we now proceed to
develop the Hamiltonians of all four-level configurations.
III. THE MODELS
To obtain the Hamiltonian of Model-I in the SU(4)
basis, we write the non-vanishing terms in Eq.(1) in the
following form,
HI(t) =


E4 0 0 κ41e
−iω41t
0 E3 κ32e
−iω32t 0
0 κ32e
iω32t E2 κ21e
−iω21t
κ41e
iω41t 0 κ21e
iω21t E1

 ,
(5)
where, ωab and κab (a, b = 1, 2, 3, 4, a 6= b) be the fre-
quencies of the applied tri-chromatic field and the cou-
pling parameters, respectively. If we define the energy
levels to be, E4 = ω1, E3 = ω3, E2 = ω2 − ω3 and
E1 = −ω1 − ω2, respectively, Eq.(5) can be equivalently
3
E4, |4 >
E3, |3 >
E2, |2 >∆32
∆21, E1, |1 >∆41
ω41
ω32
ω21
Fig.1: The energies of the four levels of Model-I are
E1 = −ω1 − ω2, E2 = ω2 − ω3, E3 = ω3 and E4 = ω1,
respectively
∆43, E4, |4 >
E3, |3 >
E2, |2 >
∆21, E1, |1 >∆31
ω43
ω31
ω21
Fig.2: The energies of the four levels of Model-II are
E1 = −ω1 − ω3, E2 = ω1, E3 = −
ω2
2
+ ω3, E4 =
ω2
2
and
respectively.
E4, |4 >
E3, |3 >∆43
∆32, E2, |2 >
∆21, E1, |1 >
ω43
ω32
ω21
Fig.3: The energies of the four levels of Model-III are
E1 = −ω1, E2 = ω1 − ω3, E3 = −ω2 + ω3 and E4 = ω2,
respectively
expressed as,
HI(t) = ω1W3 + ω2Z3 + ω3U3 + κ41W+e
−iω41t (6)
+ κ21Z+e
−iω21t + κ32U+e
−iω32t + h.c..
This is precisely the Hamiltonian of Model-I in terms of
shift operators where only three operators are involved.
The construction of the remaining Hamiltonians of other
models involves judicious combination of the shift oper-
ators and we have the Hamiltonians,
HII(t) = ω1Z1 + ω2T3 + ω3X3 + κ21Z+e
−iω21t (7)
+ κ43T+e
−iω43t + κ31X+e
−iω31t + h.c.,
for Model-II,
HIII(t) = ω1Z3 + ω2T3 + ω3U3 + κ21Z+e
−iω21t (8)
+ κ43T+e
−iω43t + κ32U+e
−iω32t + h.c.,
E4, |4 >
∆43, E3, |3 >
E2, |2 >
∆43, E1, |1 >∆41
ω41 ω43
ω21
Fig.4: The energies of the four levels of Model-IV are
E1 = −ω1 − ω3, E2 = ω1, E3 = −
ω2
2
, E4 =
ω2
2
+ ω3,
respectively,
E4, |4 >
∆43, E3, |3 >
E2, |2 >∆42
∆21, E1, |1 >
ω42 ω43
ω21
Fig.5: The energies of the four levels of Model-V are
E1 = −ω1, E2 = ω1 − ω3, E3 = −ω2 and E4 = ω2 + ω3,
respectively
E4, |4 >
∆43, E3, |3 >
∆32, E2, |2 >
E1, |1 >∆41
ω41 ω43
ω32
Fig.6: The energies of the four levels of Model-VI are
E1 = −ω1, E2 = −ω3, E3 = −
ω2
2
+ ω3 and E4 =
ω2
2
+ ω1,
respectively
for Model-III,
HIV (t) = ω1Z3 + ω2T3 + ω3W3 + κ21Z+e
−iω21t (9)
+ κ43T+e
−iω43t + κ41W+e
−iω41t + h.c.,
for Model-IV,
HV (t) = ω1Z3 + ω2T3 + ω3V3 + κ21Z+e
−iω21t (10)
+ κ43T+e
−iω43t + κ42V+e
−iω42t + h.c.
for Model-V,
HV I(t) = ω1W3 + ω2T3 + ω3U3 + κ41W+e
−iω41t (11)
+ κ43T+e
−iω43t + κ32U+e
−iω32t + h.c.,
for Model-VI, respectively.
4In presence of interaction, let the solution of the four-
level system of Model-I in Eq. (6) is given by,
ΨI(t) = C1(t) |1 〉+C2(t) |2 〉+C3(t) |3〉+C4(t) |4 〉, (12)
where C1(t), C2(t), C3(t) and C4(t) are the normalized
time-independent amplitudes which are to be calculated
with the basis states given by,
|1〉 =


0
0
0
1

 , |2〉 =


0
0
1
0

 , |3 〉 =


0
1
0
0

 , |4 〉 =


1
0
0
0

 .
(13)
The wave function in Eq. (12) obeys the time-dependent
Schro¨dinger equation,
i~
∂ΨI
∂t
= HI(t)ΨI . (14)
The Hamiltonian can be made time-independent by the
transformation,
H˜I(0) = −i~U †I U˙I + U †IHI(t)UI , (15)
and the basis in which is the energy is diagonalized can
be obtained by a unitary transformation,
Ψ˜I(t) = UI(t)ΨI(0). (16)
For Model-I, the unitary operator is defined as,
UI(t) = exp[(
i
4
(2ω21 + ω32 − 3ω41)W3 (17a)
+
i
2
(−2ω21 − ω32 + ω41)Z3
+
i
4
(−2ω21 − 3ω32 + ω41)U3)t].
Using Eq. (17), the time-independent Hamiltonian in
Eq. (15) takes the following form,
H˜I(0) =


∆I44 0 0 κ41
0 ∆I33 κ32 0
0 κ32 ∆
I
22 κ21
κ41 0 κ21 ∆
I
11

 , (18)
where, the diagonal terms are given by,
∆I44 =
1
4
(4ω1 + 2ω21 + ω32 − ω41), (19a)
∆I33 =
1
4
(4ω3 − 2ω21 − 3ω32 + ω41), (19b)
∆I22 =
1
4
(4ω2 − 2ω21 − 4ω3 + ω32 + ω41), (19c)
∆I11 =
1
4
(−4ω1 − 4ω2 + 2ω21 + ω32 + ω41). (19d)
In Eq. (19) the diagonal terms can be expressed in terms
linear combination of the detuning,
∆I44 =
1
4
(−2∆I21 −∆I32 + 3∆I41), (20a)
∆I33 =
1
4
(2∆I21 + 3∆
I
32 −∆I41), (20b)
∆I22 =
1
4
(2∆I21 −∆I32 −∆I41), (20c)
∆I11 = −
1
4
(2∆I21 +∆
I
32 +∆
I
41), (20d)
respectively, where the detuning from the applied field
ωab are given by
∆I21 = (2ω2 − ω3 + ω1)− ω21, (21a)
∆I32 = (−ω2 + 2ω3)− ω32, (21b)
∆I41 = (ω2 + 2ω1)− ω41, (21c)
respectively, depicted if Fig.1. The derivation of the uni-
tary operators and the time-independent Hamiltonians
of the remaining models are similar and we quote the
results in Appendix.
At resonance (∆I44 = 0, ∆
I
33 = 0, ∆
I
22 = 0 and
∆I11 = 0), the time-dependent probability amplitudes of
the four-levels are given by,


C4(t)
C3(t)
C2(t)
C1(t)

 = T−1α


e−iΛ4t 0 0 0
0 e−iΛ3t 0 0
0 0 e−iΛ2t 0
0 0 0 e−iΛ1t

Tα


C4(0)
C3(0)
C2(0)
C1(0)

 , (22)
where Λi be the resonant eigenvalues of the time-
independent Hamiltonian Eq. (18) and Tα be the six pa-
rameter Bose-Pascos orthogonal matrix given by 13,16,
Tα =


α11 α12 α13 α14
α21 α22 α23 α24
α31 α32 α33 α34
α41 α42 α43 α44

 . (23)
5The elements in Eq. (23) reads,
α11 = c1c5 + s1s3s4s5
α12 = c1s5s6 + s1c3c6 + s1s3s4c5s6
α13 = s1s3c4
α14 = −c1s5s6 − s1c3s6 + s1s3s4c5s6
α21 = −s1c2c5 + (c1c2s3 − s2c3)s4s5
α22 = s1c2s5s6 + c1c2c3 + s2s3)c6 + (c1c2s3
−s2c3)s4c5s6
α23 = (c1c2s3 − s2c3)c4
α24 = s1c2s5c6 − (c1c2c3 + s2s3)c6 + (c1c2s3
−s2c3)s4c5s6
α31 = −s1s2c5 + (c1s2s3 + c2c3)s4
α32 = s1s2s5s6 + (c1c2c3 − c2s3)c6 + (c1s2s3
+c2c3)s4c5s6
α33 = (c1s2s3 + c2c3)c4
α34 = s1s2s5c6 − (c1s2c3 − c2s3)s6 + (c1s2s3
+c2c3)s4c5s6
α41 = c4s5
α42 = c4c5s6
α43 = −s4
α44 = c4c5c6
(24)
where, si = sinθi and ci = cosθi (i = 1, 2, 3, 4, 5, 6). In
the next Section we proceed to discuss the Rabi oscilla-
tion of various levels numerically for with specific initial
conditions.
IV. NUMERICAL SOLUTIONS
To find the amplitudes of a given model we con-
sider four possible initial conditions; Case-I: C1(0) =
1, C2(0) = 0, C3(0) = 0, C4(0) = 0, i.e., when the sys-
tem is in the lowest state designated by level-1 (blue),
Case-II: C1(0) = 0, C2(0) = 1, C3(0) = 0, C4(0) = 0,
i.e., when the system is in the level-2 (green), Case-
III: C1(0) = 0, C2(0) = 0, C3(0) = 1, C4(0) = 0, i.e.,
when the system is in the level-3 (red), and Case-
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Fig.7: Rabi oscillation of Model-I for Case-I (a), Case-II (b),
Case-III (c) and Case-IV (d).
IV: C1(0) = 0, C2(0) = 0, C3(0) = 0, C4(0) = 1, i.e.,
when the system is in the uppermost state labeled as
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Fig.8: Rabi oscillation of Model-II for Case-I (a), Case-II
(b), Case-III (c) and Case-IV (d).
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Fig.9: Rabi oscillation of Model-III for Case-I (a), Case-II
(b), Case-III (c) and Case-IV (d). The oscillation pattern of
(a) is similar to (c) and (b) is similar to (d), respectively.
level-4 (magenta), respectively. To maximize the sym-
metry in the pattern of Rabi oscillation, we take the cou-
pling parameters to be, κ41 = .7, κ42 = κ31 = .4 and
κ21 = κ32 = κ43 = .24, respectively. Apart from that,
at resonance, the detuning are taken to be ∆I43 = 0,
∆I32 = 0, ∆
I
21 = 0, ∆
I
31 = 0 and ∆
I
42 = 0 for all
models and the and the Rbi oscillation of various lev-
els for all four cases are shown in Fig.7-12. If we com-
pare the Rabi oscillation of Model-I (Model-II) shown in
Fig.7 (Fig.8) with that of Model-VI (Model-II) shown in
Fig.12 (Fig.10), an inversion symmetry is clearly evident.
The existence of the inversion symmetry is a unique fea-
ture of the multilevel system which was also observed
in the three-level cascade system14,18. Furthermore, we
note that for Model-III, the Rabi oscillation of Fig.9a is
similar to Fig.9(d) and Fig.9(b) is similar to Fig.9(c),
repectively. The existence of the inversion symmetry
within same system has already been pointed out in the
equidistant three-level cascade system14,18. Finally in
Model-III, taking the coupling parameters κ43 →
√
3κ43,
κ32 → 2κ32 and κ21 →
√
3κ21 to be in Eq. (9) (or equiv-
alently, in Eq.(A.6)), and the interacting field mode as
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Fig.10: Rabi oscillation of Model-IV for Case-I (a), Case-II
(b), Case-III (c) and Case-IV (d) with ω43 = ω32 = ω21 = .4.
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Fig.11: Rabi oscillation of Model-V for Case-I (a), Case-II
(b), Case-III (c) and Case-IV (d). Comparing with Fig.8 of
Model-II, the inversion sysmmetry is clearly evident.
monochromatic field, i.e., ω43 = ω32 = ω21, we recover
the Hamiltonian as well as the Rabi oscillation of for the
equidistant four-level system of spin- 32 representation of
SU(2) symmetry13 indicating the consistency of our ap-
proach.
V. CONCLUSION
The primary objective of the paper is to present a de-
tailed and systematic classification of the four-level sys-
tem. To achieve this goal, we have discussed the tenets
of SU(4) group necessary to formulate the model Hamil-
tonians in terms of the shift operator of that group. We
emphasize here that the selection rule allowed by the phe-
nomenological tripod or inverted Y-type model studied
as a representative model of four-level system studied
in different context 8,9 are no longer an outcome of our
classification. The exact solution of all six semi-classical
models are obtained and the symmetry exists in the pat-
tern of the Rabi oscillation of each model is illustrated.
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Fig.12: Rabi oscillation of Model-VI for Case-I (a), Case-II
(b), Case-III (c) and Case-IV (d). Comparing with Fig.7 of
Model-I, the inversion sysmmetry is clearly evident.
In a recent work, we have reported that the symmet-
ric pattern of Rabi oscillation is spontaneously broken
on quantization of the cavity field not only for the cas-
cade, lambda and vee systems14,15,18, but also for the
equidistant cascade four-level system13. It is interesting
to explore how the pattern of the symmetry is broken if
we treat the tri-achromatic cavity field quantum mechan-
ically. Finally we remark that it is reasonable to expect
that above treatment can be generalized for N -level sys-
tem which corresponds to SU(N) group, however, we
prefer to illustrate the exact solution of all possible con-
figurations of the four-level system because it may form
the basis of addressing a new class of coherent phenom-
ena.
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Appendix
In this Appendix we shall give the unitary operators
which yields the time-dependent Hamiltonians and de-
tuning frequency of the remaining models.
The unitary operator which makes the Hamiltonian in
Eq.(7) time-independent is given by,
UII(t) = exp[(
i
4
(−3ω21 + 2ω31 − 3ω41)Z3 (A.1)
+
i
2
(−2ω21 − ω32 + ω41)T3
+
i
4
(−2ω21 − 3ω32 + ω41)X3)t],
and the time-independent Hamiltonian for Model-II takes
7the form,
H˜II(0) =


∆II44 κ43 0 0
κ43 ∆
II
33 0 κ31
0 0 ∆II22 κ21
0 κ31 κ21 ∆
II
11

 , (A.2)
where the diagonal elements are defined as,
∆II44 =
1
4
(3∆II43 + 2∆
II
31 +∆
II
21), (A.3a)
∆II33 =
1
4
(2∆II31 −∆II21 −∆II43), (A.3b)
∆II22 =
1
4
(3∆II21 − 2∆II31 −∆II43), (A.3c)
∆II11 = −
1
4
(2∆II31 +∆
II
43 +∆
II
21), (A.3d)
with the detuning frequencies given by,
∆II43 = (ω2 − ω3)− ω43, (A.4a)
∆II31 = (2ω2 + ω1 −
1
2
ω3)− ω31, (A.4b)
∆II21 = (ω3 + 2ω1)− ω21, (A.4c)
respectively.
The unitary operator that makes the Hamiltonian in
Eq.(8) time-independent is given by,
UIII(t) = exp[(
i
4
(−3ω21 − 2ω32 − 3ω43)Z3 (A.5)
+
i
4
(−ω21 − 2ω32 + 3ω43)T3
+
i
2
(−ω21 − ω32 − ω43)U3)t].
Thus the time-independent Hamiltonian for Model-III is
given by,
H˜III(0) =


∆III44 κ43 0 0
κ43 ∆
III
33 κ32 0
0 κ32 ∆
III
22 κ21
0 0 κ21 ∆
III
11

 , (A.6)
where the diagonal elements are given by,
∆III44 =
1
4
(∆III21 + 2∆
III
31 + 3∆
III
43 ), (A.7a)
∆III33 =
1
4
(∆III21 − 2∆III32 −∆III43 ), (A.7b)
∆III22 =
1
4
(∆III21 − 2∆III32 −∆III43 ), (A.7c)
∆III11 = −
1
4
(3∆III21 + 2∆
III
32 +∆
III
43 ), (A.7d)
with the detuning three frequencies defined by,
∆III21 = (2ω1 − ω3)− ω21, (A.8a)
∆III32 = (2ω3 − ω1 − ω2)− ω32, (A.8b)
∆III43 = (2ω2 − ω3)− ω43, (A.8c)
respectively.
The unitary operator for the Hamiltonian in Eq.(9) is
given by,
UIV (t) = exp[(
i
4
(−3ω21 + 2ω41 − ω43)Z3 (A.9)
+
i
2
(−ω21 + ω41 − 3ω43)T3
+
i
2
(ω21 − ω41 − ω43)W3)t],
and the time-independent Hamiltonian for Model-IV be-
comes,
H˜IV (0) =


∆IV44 κ43 0 κ41
κ43 ∆
IV
33 0 0
0 0 ∆IV22 κ21
κ41 0 κ21 ∆
IV
11

 , (A.10)
where the diagonal elements are given by,
∆IV44 =
1
4
(−∆IV21 + 2∆IV41 +∆IV43 ), (A.11a)
∆IV33 =
1
4
(−∆IV21 + 2∆IV41 − 3∆IV43 ), (A.11b)
∆IV22 =
1
4
(3∆IV21 − 2∆IV41 +∆IV43 ), (A.11c)
∆IV11 = −
1
4
(−∆IV21 − 2∆IV41 +∆IV43 ), (A.11d)
with the detuning three frequencies defined by,
∆IV21 = (2ω1 + ω3)− ω21, (A.12a)
∆IV41 = (ω1 +
1
2
ω2 + 2ω3)− ω41, (A.12b)
∆IV43 = (ω2 + ω3)− ω43, (A.12c)
respectively.
The unitary operator for Hamiltonian in Eq.(10) is
given by,
UV (t) = exp[(
i
4
(−3ω21 − 2ω42 − ω43)Z3 (A.13)
+
i
4
(ω21 + 2ω42 − 3ω43)T3
+
i
2
(−ω21 − ω42 + ω43)V3)t].
and the time-independent Hamiltonian for Model-V is
given by,
H˜V (0) =


∆V44 κ43 κ42 0
κ43 ∆
V
33 0 0
κ42 0 ∆
V
22 κ21
0 0 κ21 ∆
V
11

 (A.14)
where the diagonal elements are given by,
∆V44 =
1
4
(∆V21 + 2∆
V
42 +∆
V
43), (A.15a)
∆V33 =
1
4
(∆V21 + 2∆
V
42 − 3∆V43), (A.15b)
∆V22 =
1
4
(∆V21 − 2∆V42 +∆V43), (A.15c)
∆V11 = −
1
4
(−3∆V21 − 2∆V42 +∆V43), (A.15d)
8with the detuning frequencies defined by,
∆V21 = (−ω3 + ω1)− ω21, (A.16a)
∆V42 = (ω2 − ω1 + 2ω3)− ω42, (A.16b)
∆V43 = (ω3 + 2ω2)− ω43, (A.16c)
respectively.
The unitary operator that makes the Hamiltonian in
Eq.(11) time-independent is given by,
UV I(t) = exp[(
i
4
(ω32 − 3ω41 − 2ω43)W3 (A.17)
+ (−ω32 + 2ω41 − 2ω43)T3
+
i
4
(−3ω32 + ω41 − 2ω43)U3)t],
and the time-independent Hamiltonian for Model-VI is
given by,
H˜V I(0) =


∆V I44 κ43 0 κ41
κ43 ∆
V I
33 κ32 0
0 κ32 ∆
V I
22 0
κ41 0 0 ∆
V I
11

 (A.18)
where the diagonal elements are given by,
∆V I44 =
1
4
(∆V I32 +∆
V I
41 + 2∆
V I
43 ), (A.19a)
∆V I33 =
1
4
(∆V I32 +∆
V I
41 − 2∆V I43 ), (A.19b)
∆V I22 =
1
4
(−3∆V I32 +∆V I41 − 2∆V I43 ), (A.19c)
∆V I11 = −
1
4
(−∆V I32 − 3∆V I41 + 2∆V I43 ), (A.19d)
with the detuning frequencies defined by,
∆V I43 = (ω2 − ω3 + ω1)− ω43, (A.20a)
∆V I32 = (2ω3 −
1
2
ω2)− ω32, (A.20b)
∆V I41 = (
1
2
ω2 − 2ω1)− ω41, (A.20c)
respectively.
[1] N. Bohr, Philos. Mag. 26, 1 (1913).
[2] N. Bohr, Nature 92, 231 (1914).
[3] E. T. Jaynes and F. W. Cummings, IEEE 51, 89 (1963).
[4] I.I.Rabi, Phys. Rev. 51, 652 (1937).
[5] See for example, C. C. Gerry and P. L. Knight, Quantum
Optics, (Cambridge University Press, Cambridge, 2000)
pp.173.
[6] H. I. Yoo and J. H. Eberly, Phys. Rep. 118, 239 (1985).
[7] See Ref.[15] and references therein.
[8] S. Li, X. Yang, X. Cao, C. Zhang, C. Xie, and H. Wang,
Phys. Rev. Lett 101, 073602 (2008).
[9] J. Qi, Phys. Scr 81, 015402 (2010).
[10] A. Joshi, Phys Rev B 79, 115315 (2005).
[11] E. Paspalakis, N. J. Kylstra, and P. L. Knight, Phys.
Rev. 65, 053808 (2002).
[12] B. S. Ham and P. R. Hemmer, Phys. Rev. Lett. 84, 4083
(2000).
[13] M. R. Nath, T. K. Dey, S. Sen, and G. Gangopadhyay,
Pramana - J. Phys. 71, 77 (2008).
[14] M. R. Nath, S. Sen, A. K. Sen, and G. Gangopadhyay,
Pramana - J. Phys. 70, 141 (2008).
[15] S. Sen, M. R. Nath, T. K. Dey, and G. Gangopadhyay,
Ann. of Phys. 12, 224 (2012).
[16] S. K. Bose and E. A. Pascos, Nucl. Phys. B 169, 384
(1980).
[17] See for example, W.Greiner and B.Muller, Quantum Me-
chanics: Symmetries, (Springer, New York, 1994) pp.367.
[18] M. R. Nath, S. Sen, and G. Gangopadhyay, Pramana -
J. Phys. 61, 1089 (2003).
